Let G be a locally compact abelian group, and let p 2 1; 1). We show that the Segal algebra S p (G) is always weakly amenable, but that it is amenable only if G is discrete.
Introduction
Let A be an algebra, and let E be an A-bimodule. Then Then x is a derivation; these derivations are inner derivations. Now let A be a Banach algebra, and let E be a Banach A-bimodule. Then the space of continuous derivations from A into E is denoted by Z 1 (A; E), and the subspace consisting of the inner derivations is N 1 (A; E); the rst (Banach) cohomology group of A with coe cients in E is H 1 (A; E) = Z 1 (A; E)/N 1 (A; E) :
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(For the general theory of the Banach cohomology groups H n (A; E), where n 2 N, see 3] and 7].) Let E 0 be the dual Banach space of E. Then 
(ii) S is translation-invariant (i.e., x f 2 S for each f 2 S and x 2 G, where ( x f)(y) = f(y ? x) (y 2 G); (iii) S is a Banach algebra with respect to a norm k k S , and k x fk S = kfk S (f 2 A; x 2 G); (iv) the map x 7 ! x f, G ! (S; k k S ), is continuous.
It is noted in 13, Chap. 6, x2.3] that the subalgebra of S consisting of functions f such that supp b f is compact is dense in (S; k k S ).
Particular examples of Segal algebras are the algebras S p (G), which we now de ne.
De nition 1.1 Let G be a LCA group, and let p 2 1; 1). Then
The algebras (S p (G); jjj jjj p ) are Segal algebras on S, and they may be identi ed with Banach function algebras on ? by using the Fourier transform. Our purpose here is to consider when the algebras S p (G) are amenable, and when they are weakly amenable.
Basic properties of the algebras S p (G) are given in 13] and 14]. For example, the character space of S p (G) is naturally identi ed with ? (and indeed it is shown in 2] that the closed ideal theory of S p (G) coincides with that of L 1 (G)). It is clear that S p (G) S q (G) when 1 p q < 1 and that S 2 (G) = L 1 (G) \ L 2 (G). In the case where G is discrete (and ? is compact), the algebras S p (G) and L 1 (G) coincide, and so S p (G) is an amenable Banach algebra. In the case where G is not discrete, it is proved in 11] that S p (G) 2 S q (G) ( S p (G) (p > 1) ; (1) where q = maxf1; p ? 1g, and that S 1 (G) 2 Banach algebra generated by an analytic semigroup (a : 2 ). Suppose that a 1+i = O(j j ) as j j ! 1, where 0 < 1=2. Then A is weakly amenable. By applying this theorem to the closed subalgebra A of S p (R) generated by the semigroup (P : 2 ), we see that D(P ) = 0 ( 2 ).
We extend this result by using a theorem of White 17, Theorem 2.4].
Let t 0 2 R. For n 2 Zand 2 , de ne a n = nt 0 P . Then the function 7 ! a n ; ! S p (R), is analytic, and a m a n = a + m+n (m; n 2 Z; ; 2 ) : Further jjja 1 n jjj p = jjjP 1 jjj p (n 2 Z), and so lim n!1 a 1 n p a 1 ?n p /n = 0 :
Thus the elements a n satisfy the conditions in White's theorem, and so, by that theorem, a n D(a ?n ) = P D(P ) (n 2 Z; 2 ) : In particular, P D( t 0 P ) = 0 ( 2 ), and so D( t 0 P ) = D(P =2 ? t 0 P =2 ) = P =2 D( t 0 P =2 ) = 0 ( 2 ) : Let f 2 S p (R). For each 2 , we have f ? P = Z R f(t) ?t zP dx in S p (R), and so D(f ? P ) = 0 ( 2 ). Finally, f ? P 1=n ! f in S p (R) as n ! 1, and so Df = 0.
We have proved that D = 0, and so S p (R) is weakly amenable. 2
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Theorem 3.4 Let G be a locally compact abelian group, and let p 2 1; 1). Then the Segal algebra (S p (G); jjj jjj p ) is weakly amenable. Proof Let E be a Banach S p (G)-module, and let D : S p (G) ! E be a continuous derivation. We claim that D = 0.
By Lemma 2.1, it su ces to prove that D(f) = 0 whenever f 2 S p (G) and supp f is compact. Let f be such a function. By 8, (5.14)], there is an open and closed, compactly generated subgroup, say H, of G such that supp f H. We may regard S p (H) as a closed subalgebra of S p (G) with f 2 S p (H).
By the structure theorem for compactly generated LCA groups ( 8, (9.8)], the compactly generated group H is topologically isomorphic to a group of the form R m Z n K for some m; n 2 Z + and some compact abelian group K. It follows from Lemmas 3.1, 3.2, and 3.3, and Proposition 2.3 that the algebra S p (H) is weakly amenable, and so D j S p (H) = 0. In particular, D(f) = 0, as required.
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